• Introduction of LDG method for high order wave equations 
Then formally use the DG method: find u, p, q ∈ V h such that, for all test functions v, w, z ∈ V h , 
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ERROR ESTIMATES OF LDG METHODS FOR HIGH ORDER WAVE EQUATIONS
A key ingredient of the design of the LDG method is the choice of the numerical fluxesû,q andp (now, upwinding principle partially available, after all, the solution with the initial condition sin(x) is sin(x + t), hence the wind blows from right to left).
The following choice of alternating + upwindinĝ , would also work. For the general multi-dimensional nonlinear case
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We can prove cell entropy inequality and L 2 stability. Yan and Shu, SINUM 02.
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Previous approach of L 2 error estimates
For one and two dimensional KdV equation
and the Zakharov-Kuznetsov (ZK) equation 
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Let us look at the 1D linear equation
to understand the difficulty in obtaining optimal L 2 error estimates.
We use the usual notations
to denote the jump and the average of the function η at each element boundary point, respectively.
We define the DG discretization operator D, i.e. in an arbitrary subinterval
We also use the notation
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It is easy to prove:
D(η, φ; η
D(η, η; η
Division of Applied Mathematics, Brown University
ERROR ESTIMATES OF LDG METHODS FOR HIGH ORDER WAVE EQUATIONS
For any φ ∈ V h , we have
where P − , P + are defined as:
).
(12)
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We define the following two bilinear forms
and
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We have
Taking the test functions in (22) as η = u h , ϕ = v h , ψ = −w h , and after some algebraic manipulations, we obtain 1 2
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Recall that v = u x and w = v x = u xx .
Notice that we have control only on the L 2 norm of u h and the jumps of v h . By including an upwind approximation for the convection term, we can also have control on the jumps of u h . However, we do not have control on the L 2 norm of v h or w h or the jumps of w h .
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Notice that the scheme is also satisfied when the numerical solutions u h , w h , v h are replaced by the exact solutions u, w = u xx , v = u x (this is the consistency of the LDG scheme). We have therefore the error (20) e w = w − w h = w − P w + P w − w h = w − P w + P e w ,
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where P is the standard L 2 projection.
We can follow the idea of proving the energy stability to estimate the error.
If the control on the jumps of u h is also included with the upwind flux, we have 1 2
This leads to O(h k+   1 2 ) order sub-optimal error estimate.
error estimates
We use the same notations as before. The new optimal L 2 error estimate relies on the proof of the following energy stability.
The solution to the LDG scheme satisfies the following energy stability
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This is proved by proving the following four energy equations.
• The first energy equation
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This clearly implies
which is the standard "cell entropy inequality", obtained also in Yan and Shu, SINUM 02.
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• The second energy equation
We take the time derivative in the equations to obtain
Taking the test functions in (25) 
and after some algebraic manipulations, we obtain 1 2
(27)
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• The third energy equation
We take the time derivative in the equation to obtain
Taking the test functions in (28) 
(30)
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• The fourth energy equation
Taking the test functions in (31) as
v h , and after some algebraic manipulations, we obtain 1 4
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We remark that the main difference between this energy equation and the results in Yan and Shu, SINUM 02 is the additional result on the L 2 stability for (u h ) t and the auxiliary variables w h and v h . The error estimates will also follow this line and this additional result will give us the control of the (u h ) t , w h and v h terms in the error estimates. This is the essential point which helps us to obtain the optimal error estimates.
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As pointed out before, the scheme is also satisfied when the numerical solutions u h , w h , v h are replaced by the exact solutions u, w = u xx , v = u x by the consistency of the LDG scheme. We have therefore the error equations
Denote
Next, we will follow the idea of proving the energy stability and get the four important energy equations to obtain the optimal error estimates.
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• The fourth energy equation 
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where
The same error estimate can be proved for the one-dimensional fifth order wave equation
In fact, this general framework for energy stability and optimal L 2 error estimates can be applied for general odd-order linear one-dimensional wave PDEs. We have carefully checked that the proof can go through for such odd-order wave PDEs up to ninth order.
Our general approach also works for certain multi-dimensional problems. 
where C depends on the final time T, u L ∞ ((0,T );H k+2 (Ω)) and
